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DISTRIBUTION OF FISSIONABLE MATERTAL. IN THERMAL REACTORS OF
SPHERICAL GEOMETRY FOR UNIFORM POWER GENERATION

By Robert R. McCready, Robert B. Spooner
and Michael F. Valerino

SUMMARY

The two-group equatlons for reflected thermal resctors of spherical
geometry are solved for constant power generabion over the reactor-core
volume. Solution is obtained both analyticelly and by means of an elec-
trical snslogue simulstor. Illustrative calculations are made for
specified core and reflector compositions and a range of reflector
thicknesses to0 obtain the distributions of fissiongble material over
the reactor volume required to give uniform power generstion. Cal-
culations are also made, for the specific reactors investigated, of the
permissible increase 1n total reactor power output due to uniform power
generation, assuming the reactor structural and coolant heat-transfer
characteristics to be such that the reactor power is limited by meximum
heat-flux rate. The calculations show that for reactors with moderete
or thick reflectors substantial increase in reactor power oubtput can be
achieved for limiting meximm heat-flux rate within the resctor with
only a small addltionsl investment in fissloneble material.

For other heat-release limitations in the reactor, for example,
maximum fuel-element tempereture, the power distribubtion that leads to
maximm totael reactor power output will differ from the uniform power
case treated herein. However, comparsble iIncreases in permissible power
output and fissionable-material investment are to be expected. The
results presented herein therefore 1liustrate the advantage of distri-
buting the fissionsble material within the reactor in such a menner that
each reactor volume element 1lg operating at, or very nesr to, the par-
tlcular limiting heat~-release condition exlisting for the given reactor.

Both the analytlcel and simulstor solutions adapt readily to specified

rafial power distribubtions other than uniform.

INTRODTUCTION

The power that a reactor delivers can be increased by (1) a more
effective heat-transfer system and (2) nonumiform distribution of the
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uranium fuel to increase the power genersted in regions where 1%t 18 low,
80 that easch part of the reactor core operates with meximm effectiveness.
In meny reactors the disturbance of the power dlstribution produced by
the conbtrol-rod system makes step (2) of 1ittle use. As a conseguence
of the normal veriation in power demnsity over the core and its further
distortion by the insertion of control rods, the over-all heat release,
as averaged over the reactor volume, mey be of the order of e one half
or one third of the maximm heat release permissible on the basls of
such practical considerations as high-temperature strength of the metal
surfaces across which the filsslon energy is transferred to the coolant,
thermal stresses induced in the heat-transmitting surface, and so forth.

Numerous schemes are being actively considered for eliminating the
use of the conventional control rods. For example, In reference 1, a
supercriticael water reactor is proposed wherein the resctor control is
to be accomplished by varilation in water density (and hence in neutron-
moderating properties of the water) accompenying pressure and temperature
change. Conslderation 1s slso being given to the use of a strong neutron
sbsorber dissolved in the coolent with provisions for continuously varying
the absorber concentration so as to control the relatively slow reactivity
changes accompanying xenon build-up and fuel burn~up. The short-period
fast-reactivity changes would then be controlled by only a smell group
of conventional control rode.

For these systems, 1t is of interest to study the gains to be
reallzed by distribution of the fissioneble material nonuniformly over
the reactor volume. In order to evaluate the feasibility of this scheme,
knowledge is required of the change in fuel requirement accompanying the
permissible gain in resctor power output.

An anslytical method of solution, which was derived st the NACA
Lewis laeboratory, is presented herein of the two-group equations for
reflected thermal reectors of spherical geometry for the speclal case
of uniform power generation over the reactor volume. Calculations are
made, for a series of reactors of specified core and reflector com-
positions and various reflector thicknesses, %o illustrate the megnitude
of the extra fuel investment due to uniform reactor-power generation.
Also, the permissible increasse in resctor power oubtput due to uniform
power generstion is calculsted assuming the reactor structure and
coolant-flow conditions to be such that the reactor power is limited
by maximum heabt-flux rate.

In addition to the anelytical method of solution, solutions were
obtained by means of an electrical amelogue simulator. With the
analogue simulator, the condition of uniform power generstion was
approached in steps so that results were also obtained for power-
generation patterns successively spproaching the uniform pattern. The
results thereby obtained are useful in establishing to what degree the
condition of uniform power generation is desirasble for limiting heat-
flux rate conditions.

2460
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SYMBOIS

The following symbols are used in this report:

g(r)
H(rY

Hov

v I
¥,th
Za,th

&/ar
N(r)/Ng
power density at radius r from center of reactor

maximum power density in reactor
average power density over volume of reactor core

Pigsionsble materisl investment for varliasble con-
centration csse

figsionable material investment for standard case of
uniform concentratlon

current forced into similstor network section

thermal multipllication constant

fagt diffusion length

thermal diffusion length

concentration of fissionable materisl st radius r from

center of sphericsl reactor

average velue of filsgionable materiasl concentration over
reactor core volume

concentration of flsslionsble material for standsrd case
of uniform fissionsble material distribution

resonance escape probabillity
network resistor simulating absorption of neutrons by

mgterials other than urenium. For fest neutron group,
this includes slowing down of neutrons out of group.
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network reslstor simulsting absorption of neutrons
by uvranium

network resistor aimulating neutron diffusion pro-
pertles of reactor region

space coordinate

critical radius of reactor core
reflector thickness

reactor core volume

matrices

variation parameter

a2 . 2d
dre T dr

transport mean free path
nunber of neutrons produced per fTission
macrogcopic absorption cross section (when applied to

fast group, includes neutron loss due to slowlng out
of the group)

mecroscoplc absorption cross section for thermal neutrons

of all materilals 1n reactor core excepting uranium

value of Ea ¢ excluding sbgorption by uranium
2

macroscopic fission cross section

mlcroscopic absorption cross section for uranium

microscoplc fission cross sectlon for uranium

rfe

2460
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fo fast neutron flux

¢th thermal neutron flux

¥ rPin

Subscripts:

f,th Past end thermal parameters, respectively
Superscripts:

Primed superscript indicates reflector perasmeter.

No superscript indlcates s core parameter.

Arbitrary constants:

A, B, P, Q

Parsmeter groupings:

3Z_
a:—ag;—-

=+
Mr,f  Lg?

3k, &
b = Fth%,th

Atr,f

_3Zp, enfen?

c
1
MNer 5

o Atrzf gt

¢
2 = 1
Mer,th Vogu
_B3Zatn _ 1
htr,th L'bhz
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ANAT.YSTS

The system of two-group equatlions for a criticel reflected thermal
reactor are:

A
tr , £
—%L‘V?'S‘f - Za,2 B2 + Xen Zo,tn Ptn = O (1)
Mr,th 2 .
‘—%‘—'V Pin - Za,th Ptn + PenTa,r B = O (2)
Mip,p 2
—z=v $'p -Zva,f frp =0 (3)
P
trth -1 14 4 4 t Py
—3‘—V2¢th"*a,th¢th+1’thza,f¢f'° (4)

The solutions of these equations are subject to the four boundary
conditions:

ge(0) <= (5)
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By (0) <= (6)
fre(r,+t) = 0 (7
¢'th(rc+t) =0 (8)

and to the four continulty conditions:

Pe(r,) = $ro(z,) (9)
Prn(re) = Blenlre) (10)
Mor,e D fe(mg) = Mz 2 D e’ (z) (11)
Mr,th D Ben(re) = Mep tn D Blenlr,) (12)

The problem is to determine, for assligneble core and reflector sizes
and compositions, the aemount and the distribution of fissionable
meterlal over the reactor volume required to satisfy both criticallty
and the condition of uniform power generation over the reactor core
volume.

In a thermal reactor (thet is, wherein the fast-neutron ebsorption
by the fissionable meterial 1s negligibly smell compared with the thermal-

neutron sbsorption), the parameters 7"1rr,f: Za’f, Dins and K'br,'bh

in equations (1) and (2) are fairly insensitive to large varilations in
flssionable-materisl concentration. Hence, these parsmeters are assumed
ags constant In the analysis; the degree of velidity of this assumption
for any specific problem can be evaluakted from the flssionable materisl
concentrations calculated for the specific problem.

Two different methods of approach are used in the analysis, one
analyticel and the other by means of an electrical analogue simlator
designed for solution of multigroup equations (reference 2). In both
methods, the analysis is baged on the assumption of spherical geometry.

Analytical solution. - For spherical geometry, the two-group
diffusion equations in the reactor core (equations (1) and (2)) can be
wriltten in the form

DZ 6 - 86 + by

N
o

(13)
D2 ¥ - cy + do

I
(o]

(14)
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g r¢f (15)
¥ = rfin (18)

For uniform heat generation in & thermal reactor, the relation

ziF,th @iy = comstent (17)

must hold throughout the reactor core. Equations (13) and (14), with the
condition stipulated in equation (17), reduce to

D% - 88 + Cyr = 0 (18)
and .
2, _ = =
DY - c¥y - Cor + 30 = O (19)
in which
o 5F‘thh¢thu 0
1= (20)
Kbr,f
ag_u
Cp = Mr,r % cq (21)
My ,th Vop2
L
E'.' = ._.EL'EQ_ (22)

Ner,th

In the solution of equations (18) and (19), the fast parameters and
thermsl scattering parameters are assumed unaffected by veriation in
concentration of fissionsble maberisl over the reactor core. This
agssumption is valid for the thermal resctors conslidered herein pro-
vided that the attainment of uniform power generation does not
necessltate highly enriched concentration of fissioneble materisl in
any portion of the reactor core volume.

The solutions of equations (18) and (19) are

¢
6 = A sinhafBEr +;]_'r (23)

2450
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(s18]
¢=E—‘3'-;Asinh-\/ar+]3 sinh‘\/?r+%—-a—l-—cz)r (24)

The hyperbolie cosines, which constltubte a portion of the complementary
function, have been eliminated by application of boundary conditions (5)
and (6).

The reflector equations (3) and (4) are unaltered in form by
variation in flssionable material concentration over the reactor core.
For spherical symmetry, equations (3) and (4) become

D29 - 6 = O (2;5)
D2y -~ gF +mf = O (26)

The solutions to equations (25) and (26) that vanish at the outer
reflector boundary are :

@ = P sinhVE (r,+t-r) o - .(27)

¥ = ET P sinh ¥F (ro+t-r) + Q sinh 48 (ro+t-r) (28)

The fluxes resulting from equations (23), (24), (27), and (28) are

fe = £ sinhafEr + = - (29)
¢th=a—_ii-‘;§sinh‘\far+§sinh Er+%ic;l-—02) (30)
e =§ sinh /T (ro+t-r) : (31)

Prep = g%f ; sinh/ T (r,+b-r) +% sinho/g (r +t-r) (32)

The boundary conditions of equations (7) and (8) have been utilized
in the choice of form for these solutions. The continuity conditions (9)
to (12) give rise to four simultaneous equations for A, B, P, and Q. A
more detalled account of these equations and their implications toward
criticality is indicated In appendix A.
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The arbitrary nature of the-actual power level implied by equa-~
tion (17) enables C1 to be teken as any positive constent In equa-

tions (29) and (30).
Equation (20) with €7 = 1 can therefore be written as
Mer, £
L s () (33)
5P (r)

from which the value of BF,th(r) corresponding to the thermal flux
Pen(r) 1is determined.

2460

In order to compare the fissionable material investment for variable
concentration with that for uniform concentration, Ny i1s defined as the
uniform concentration required in a reactor of the same size and com-
position (except for amount of fissionsble material) as that for the
variable concentration case. It is asgumed that N_ has been deter-
mined by the usual procedures for uniform distribution of fissionable »
materisl.

Let

N(z) _ Zr,(r) (54)

Ne ¥, the

g(r) =

The investment for verilable concentration ia
I =NV (35)

and for the case of uniform concentration is

Ig = NV (36)
where T 1s the average concentration over the reactor volume ag glven
by .
§ 1
= N(r) av (37) -
core
Hence,

(38)

ZIZI

-
IS 8
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which, for spherical geometry, glves

Te
L rzg(r) dr T,
Il = 0 3 = 33 rlg(r) dr (39)
8 4/3 mrq To

0

Tn the cases investigated, the integral of equation (39) was evaluated.
by numericsl integration using Simpson's three-point rule.

Although the foregoing procedure treats only uniform heat generation,
a wide variety of other radilsl dlstributions can be handled. A specific
example of another power distribution and the approach to more general
ones ls indicated in appendix B.

Electrical analogue simulator solution. - The distribution of
uranium necessary Tor a prescribed reactor power distribution can also
be determined with the aild of an electrical analogue network. A brief
description of the NACA nuclear reactor simulstor and an outline of the
procedure Pollowed in obtaining the solutions for this analysis are
presented with the ald of figure 1. This simpliflied schematic diagram
identifies the various components of the simulator network with the
corresponding volume elements of the reactor segment under investigation.
Further details sbout the NACA nuclear reschbor similator appear in
reference 2.

The two-group reactor solubtions obtained with the simumletor required
two networks similar to that in figure 13 one for the fast group of
neutrons and one for the thermel group. The segment of a sphericsal
reactor bounded by some so0lid angle and dlvided radielly into volume
elements is shown in figure 1. Bach volume element gppears directly
gbove 1ts assocliated network sectlon. The resistors in each of these
network sections are determined by thelr required relations to the
various neutron-diffusion, gbsorption, and slowing-down propertles of
the materials meking up the reactor volume element. If the currents 13,

ig, « « & introduced into each network section are made proportional to

the number of neutrons in the corresponding reactor volume element that
are entering the desired neutron energy range (neutron group) per unit
time, the potentlals measured on the network Junction points become
proportionsl to the neutron fiuxes in the simulsted volume elements. In
addition, the current through any resistor in the network becomes pro-
portional to the number of neutrons of that energy group undergoing the
process simulated by the resistor. A detailed listing of the simulator
components, the nuclear processes simulated by the currents through the
components, and the primary nuclear variasbles on which the components
are dependent gppears in table I. Components are described for both
fast and thermsl networks.



1z NACA RM ES2C11

The procedure followed herein 1s based on the requirement that the -
critical reactor must supply and maintain a specified distribution of
fission neutrons. This requirement fixes the currente 1 entering the
fast network, and the specified reactor composition determines the values w
used for the network resistors (reference 2). By means of the slmulator, a
typical “generation of neutrons” i1z followed through ite life cycle and
the Ry, resistors are adjusted to produce an identical new generation

of neutrons. These adjustments relate to changes in the concentration
of uranium in each reactor volume element. The following steps outline

the solution process. 3

Fast group: P
(1) The resistors in the fast network are adjusted to the prescribed

values. The R, vresistor is removed because fissionsg due to fast neu-

trons are negligible in the cases dlscussed herein.
(2) The currents i are adjusted in proportion to the fission neu-

tron distributlion assumed to form the generation. This distribution is

proportional to that for the prescribed power generation because both

are dependent on the rate of Tigssions at sny poink. "
(3) The voltage at each Junction point of the network glves a

quantity proportional to the fast neutron flux. t

(4) The currents through the resistors R, sare measured and mul-

tiplied by the resonance escape probability. These resultant values are
proportional to the neutrons slowing down out of the fast group.

Thermel group:

(5) The resistors are adJusted to the proper wvalues for the thermal
network.

(8) The currents 1 are adjusted to be proportionsl to the pre-
viously measured number of neutrons slowing down from the fast group.
For criticality, the currents through the R, resistors, multiplied by
the proper mmltiplication constant, should be equal to the prescribed
currents 1 forced into the fast network (that is, to the currents
representing the specified fission neutron distribution). Further details
about determining the multiplication constant appear in reference 2.

(7) If only the sum of the currents through the R, resistors
multiplied by the multiplication constant equals the sum of the inputs
to the fast network, the reactor can be considered to be critical, but
not adjusted for proper power generation. Each R, resistor is then
adjusted by an emount proportional tc the devistion in the measured
current through it from the required current. The amount of change must
also be such as to maintain criticality in the reactor.
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The intermediate solution obtained by the foregoing steps spprox-
imates the steady-state solution for the uranium distribution on which
it depends. The usefulness of this solution 1s considered following
step (11).

(8) After this adjustment of R, resistors, the new currents through

the R, resistors will again deviate from the desired solution, but will
give a closer approximation and indicate further adjustments repeated as in
step (7).

(9) The sequence of solutions obtained by repetition of steps (7)
and (8) converges on the desired reactor solution and slso provides a
set of intermediabte solutions that prove useful if, in each solution,
the distribution of currents through the R, resistors indicates a
new generation of neutrons approximetely like the originsl distribution
of fission neutrons.

(10) If only the final solution 1s desired, the R,, resistors can
be varied individuslly until the proper current is indicated through each.
This one-step method is especially useful for reactors wilth thin reflec-
tors for which the intermedlaste solutions would be of 1ittle value
becsuse they lead to generations of neutrons much different from the
original distribution of fission neutrons.

(11) The fractional decrease in each R, resistor required in the

lasgt four steps is the same as the fractional increase In urenium in the
corresponding reactor volume element. The current through each resistor
is proportionsl to ‘the number of fissions taking place and, therefore,
to the power generated in the assoclated volvme element.

A set of power gemeration curves and the required wreanium dis-
tributions are produced almost directly by the preceding steps. The
procedure gives a sequence of solublons that spproach the initially
specified power distribution. These spproximate intermediate solutions
are useful for estimsting the power dlstributlons sttainsble with
smeller uranium investments than those required for uniform power
generation and indicate whether the initiaslly specified power dis-
tribution is the most advantageous one to obtaln high reactor perfor-
mance from the standpolint of fissiongble material investment.

The foregolng procedure demonstrates the adeptebility of the nuclear
reasctor simletor to ‘the rapid eolution of problems requiring the redis-
tribution of fissioneble material in a reactor. The simulstor permits
quick and convenient simmlation of the variation of properties of the
reactor materlals and, from the measured quantities, a direct inbter-
pretation of the effect of these varlations on the uranium distribution
and total investment and the power generatlon in the reector.
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CONDITIONS FOR TIIUSTRATIVE CALCULATIONS

The core and reflector paremeters chosen for the illustrative cal-
culatlons correspond to those for certain water-modersted and cooled
thermal reactors utilizing a water reflector. The values of these

L4

perameters are 2
a,th = 0-011° L™ = 64 )
Nep,p = 3.78 Lgp? = 3.64
Mtz th = 0.79 L1p? = 33
2
Mip,p = 3.45 L'gp® = 8.3
)\.'tr,th = Q.43 Pth = 0.95
P"bh = 0.98
Reactor sizes investigated are: »
Reactor |[Core radlus|Reflector thickness
(cm) (cm)
I 24 186
IT 26 8
IIT 30 4 B o

The fisslonable materlal Investments required to maintain criticality
for the case of uniform fissionable material distribution are 2.11,
2.69, and 3.74 kilogrems for resctors I, II, and III, respectively.

EXAMPLE OF COMPARTISON OF REACTOR POWER

The meximum power limitation of a reactor varies with each design
depending on such factors as materiels in the reactor and thelr strength
characteristics, arrangement and design of heat-transfer surfaces,
coolant, coolant flow path, and so forth. Hence, without consideration
of these detailed deslgn factors, it is impossible to assign any specific
criterion for comparing limiting power outpubts of reactors.

For 1llustrative purposes, consider a reactor with the following
heat-transfer and strength characteristics which result in meximum
heat-flux rate as the heat-release limitation for the reactor.
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(1) The coolant has a high heat-transfer coefficient and undergoes
only e small temperature change in the reactor core. The walls of the
entire flow passage then operate at approximastely the same inslde tem-
perature.

(2) Heat is conducted to the coolant through material having
reletively low thermal conductivity and low resistance to thermsl stress
because of the resulting temperature gradient through the material. For
this specific example, uniform power generation at the stress-limiting
heat-flux rate will result in the meximm power that can be generated
within the reactor-core volume.

Basged on the criterion of 1imiting heat-flux rate, the power out-
puts of reactors I, II, and ITIT (listed in foregoing section) with
uniform fissionsble material concentration sre compared with the power
outputs of these same reactors wherein the fissionsble materlsl is
redistributed in a mammer to attsin uniform power generation.

For other criterions, for example, constant coolant-passage-wall
temperature, the power generation leading to meximum total-power output
of the resctor will vary wilth the coolant conditions and flow paths.

RESULTS AND DISCUSSION
Anglytical Solution

The results of the analybtlical solubtlons for the three cases listed
in the foregoing section are presented in figures 2 to 4.

Figures 2(a)}, 3(a), and 4(a) indicate the normslized power generation
curves for the three reactors Investigated. The averasge-to-maximm
power ratlo Hav/Ems.x for the case of uniform fissionable material con-

centration are 0.76, 0.73 and 0.53 for reactors I, II, and IIT,
respectively, compared wlth 1.00 for the case of uniform power production.
Hence, uniform power generation-in reactors I, IT, and ITT results in 32,
37, and 89 percent increases, respectlvely, in total permissible power
output for e stress limlting heat-flux rate. The minimims of the power
generation curves for reactors I, II, and ITT are gbout 33, 37.5, and

68 percent below the maximms, indicating the sharp departures from
uniformity in heat generation that are typical of reactors having

uniform concentration.

The distribution of fissionasble meterial necessary to maintain
uniform heat generation Por the indiceted critlcel radii and reflector
thicknesses 1s presented in Pigures 2(b), 3(b), and 4(b). The aid given
by the reflector in preventlng serious Increments in investment msnifests
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1tself in the relatively low maximums and moderate interface velues

attained in the concentration curve for the first two cases. A much

more extreme maximum and interface value prevail in the third case .
where the reflector thickness i1s insufficient to supply adequate feed-
back of thermal neutrons. The relative increases in investment in the
three cases are 9, 15, and 197 percent, respectively, indicating thst
moderate and thick reflectors do not seriously alter investment require-
ments necessary to maintaln uniform heat generation, but that thin
reflectors cause the investment to suffer a decisive increase. Becsause
of the large local concentration of fissionable material required in

the vicinity of the reflector for reactor III s ‘the assumption of
invariance of fast parameters made in the analysis is not strictly velid
for this case, although the genersl shape of the curves obtalned is
probably representative.

2460

The thermal fluxes of figures 5 to 7 Pollow the same general shape
of fluxes established 1n reactors of uniform uranium distributlion. The
decreased slope at the interface, which accompanies decreased reflector
thickness agaln provides the antlcipated evidence of reflector
effectiveness.

Simlator Solution «

The power generation and corresponding fissionable material dis-
tributions found with the ald of the ruclear reactor similator for the
three assemblies investigated are presented in figures 8 to 10.

For reactors I and IT, these distributions are shown iIn figures 8
and 9, respectively. The successive changes in power distribution that
were determined on the similator give a progression of curves approaching
the desired uniform distribution. The minimm local velue of power
generation relative to the meximum value in reactor T was railsed from
0.67 to 1.00 by only & 6 percent increasse in urasnium distributed as
shown by curves A (figs. 8(a) and 8(b)). This reactor had sn average
power generatlon only 0.752 of the maximm value. Similer changes made
in reactor II, where the original minimum power generation velue was
only 0.62 of the maximum rate, required only 10 percent increase in -
urenium distributed according to curves A (figs. 9(a) and 9(b)). The
average power generation in the reasctor was also increased from 0.725
of the maximm value to a uniform generation at maximm value. .

Three different degrees of improvement in p r generation were
considered for reactor III ag ghown In figure 10 together with the
pover distribution for uniform fissionsble materjal concentration. In
two of the power distributions, the power generation decreased linearly
with reactor core radius to 0.9 and 0.8 of the maximm power generation.,
The third corresponded to uniform power generation. The Improved
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power-generation distributions were obtained at the price of a conslderable

additional investment in uranium as indicated in figure 10(b). For
uniform power generation in the thinly reflected reactor ITI, it was
necegsary to increase the uranium investment by 225 percent. This
materisl, distributed according to curve A in figure 10(b), raised the
average power genersbtion in the reactor from 0.529 of the maximm value
to uniform maximum power generation.

The thermal neutron fluxes in reactors I, IT, and ITT corresponding
to uniform power generatlon are shown in figures 11, 12, and 13,
respectively, for comparison with those found by numerical calculations.
In addition, the fluxes for the intermediate power distributions sre
included for each reactor.

Figures 8(b), 9(b), and 10(b) show approximately the same uranium
distribution curves as the corresponding resulis of numerical cal-
culations on figures 2(b), 3(b), and 4(b). Tn all cases, the deviations
between results are greabtest In regions where the spatial varlation in
uranium concentration 18 greaitest. In these reglons, the size of the
radlal intervel assigned to a simulator network sectlon led to a less
accurate approximation of the nuclear varigbles. This limitation of
gccuracy is shown further by the curves of reactor flux In Ffigures 11
to 13, as compared with the numerilcally caslculated fluxes shown in
figures S5 to 7. The maximm percent deviatlon in flux values emounts
to approximately 10 percent and occurs at the core-reflector boundary
in reactor ITII. The deviations in values slso affect the totel wranium
investment as shown on the following table:

Reactor T/Ig
Calculated [Simulator
I 1.08 1.086
IT 1.15 1.10
IIT 2.97 3.25

The extreme variatlion in uranium concentration in reactor IIT agein
led to the maximum deviation in uraniwm investment values.

The general agreement between nuclear varisbles determlined with the
gimlator and by numerical calculaetions together with the provision for
decreasing the radisl interval for a network sectlion on the simulstor
Indicates that the simulator procedure can be relied on to closely
gpproximate the results of numerical calculations. The slmulator can
therefore be gpplied with confidence for conditions difficult to treat
analytically.
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SUMMARY OF RESULTS

The two-group equations for reflected thermel reactors of spherical
geometry are solved for the case of conatant power generation over the
reactor core volume. For illustrative purposes, the results of this
snalysis were used to calculate the increase 1n reactor power output
permisgible for a limlting heat-flux rate and the increase 1in fissionable
material required when the fissionable material is dlstributed in the
manner to abttein uniform power generation. The calculatlions show thatb:

l. For cases I and II which are well moderated thermal reactors
with a thick and medium gilze reflectors, 32 and 37 percent increases In
power output were obteined, respectively, at the expense of 9 and
15 percent incresses in fissionsble material investment.

2. In reactor III, which was llkewise a thermal reactor but with
a thin reflector, a 89 percent lncrease in power output was obtalned
for a 197 percent incresse in investment.

Both methods ot solutlon apply to much more genersl prescribed
radial power distributions.

Lewls Flight Propulsion Laboratory
National Advisory Committee for Aeronsutics
Cleveland, Ohlo, January 1ll, 1952
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AFFENRDIX A

CRITICALITY IBETERMINART AND EXISTENCE OF MINIMUM
CRITICAL RADIUS

For apherical agsembliea, the relaticns of equations (9), (10), (11), and (32) may be
expreaped. by the mairix equation
{
X =Y (a1)

with U, X, and Y, tho followlng 4 x 4, 4x 1, and 4 X 1 matrices, respectively.

sinha/a r, li!lhv—ﬂ 7]
Ta 0 TR 0
d. elohey/a r, u!.thc:rc -m aiohyfTt _ liuhvat
T Ty re 8- rg Ta
a coslyfa T are P cosh 4fft uinhﬁt
hh_'t['/_ r‘:J- - 'm:!E_ ] 0 ,"tr,f[r rcﬁ + o ] 0

acoshyfar, = AT, ¢ ecoshyf o v, slmhyfcry| mMy, f e ft  einkafft . & comhyfit sinh-ret]
%[f '-'cr ) ml::’z— ] )‘I:r,th'_n_ Te ) r!z_ ] 3?; ter :‘:hd- ¥ Lh"ﬂ[ '-'of T TEE

ro? [

—

(a2)

TTI028E WY VOVK
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A
B
X = p (AB)
Q
—9& 'T
- &
ac
Y=-é<——l-cz (a4)
c\ a
0
. O -

The generally nonsingulsr character of the matrix U of equation (A2)
indicates that a solution

X =Uly (a5)

exlsts for all but possibly a set of isolated values of r.. The values
of A, B, P, and @Q vresulting from the solution of (A1) determine the
fluxes quantitatively.

Equation (33) implies that the required concentration for criticality
is inversely proportionel to @iy, (r) as obtained by the foregoing
procedure. Those values of ro which give @, 20 for some r<r,

are not admissible.

For example, in reactor III it was found that, for r, = 26.75 cent-
imeters, Piy = O was attained at r = 24.74 centimeters (fr was
non-negative throughout the reactor); this implies infinite concentration
at this radius. For r,<26.75 centimeters, @y actually attained
negative values at portions of the region O<r<r,. It is evident that
ro. = 26.75 centimeters defines the mathematical minimm critical radius
for this cegse. Since a zero thermal flux implies an infinite concentration

of fissionasble material, the physical lower bound on rc 1s somewhsat
greater than this methematical bound.

2460
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APPERDIX B

SOLUTTIONS FOR OTHER RADIAY. POWER DISTRIBUTIONS
The physical situstion of altering the required heat generation
corresponds to the esteblishment of e new particular integral in the
solution of the two-group equations. For example, if a linear variation

in heat generation decreasing from the center is required, the core
diffusion equations (for e sphere) become

D%0 - a6 + Cqr (l-ar) = 0, r >0 (B1)

D2 - G - Cor (l-ar) + 30 =0, r > O (B2)

which have the following suitable solutions:

c
A sinhAer | 71 20
fe = SR s = (1 '[Er- (1 - cosh #Br) + az]} (B3)
¢th=Bsinh cr . .a Asinh‘/'a'.r_[-}-(c_l-cz)_*-
r T-a r T\a

2da C; coshefar-1 2’2}241, de Cl-ll + cosh1/ er
+ = +
a%(z-a) r gl  E(c-2)l r

%qu, - dd'acl)r (B4)
3

All variations in ¢th Z £ for which a particulasr integral exists

Yileld themselves to solution by this method. In particular, the large
varlety of varlations that can be represented by, or approximated by
polynomials or simple exponentials have easily found perticuler integrais.
If the particular integral is difficult to find, or cumbersome to use
expliclitly, it can be found numerically and this solutlion added to the
complementary function to obtain the complete integral.

+
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TABLE I - NUCLEAR REACTOR SIMULATOR COMPONENTS

NAGA

Simulatdr
component

Process similsted by current through component

Reletion to primary nuclear variable

Fast group

Net mumber of neutrons/sec diffusing between
volume elements

Number of neutrons/sec elowing down out of.
fast group and belng absorbed in materials
other than wranium

Fumber of neutrons/sec absorbed in urenium
(if any considered)

Wurber of peutrons/sec born in fission pro-
cesses by previous neutron generatlon

R¢ inversely proportionel to )\.tr,f

Ry Inversely proportional to

L.e

R, inversely proportional to mm-
ber of U atoms present

1 proportional to number of neutrons/sec
profuced by the specified distribution of

fissions in U235

Thermal group

«

Fet mmber of neutrons/sec diffusing between
volume elemente

Fumber of neutrons/sec sheorbed in material
other than uranium

Fumber of neutrons/sec absorbed in urenium

Number of neutrons/sec slowing down into
thermal group

R¢ Inversely proportional to 7\.1::-,1:.11

R, inversely proportional to
m
Zta.,,i:h

Ry inversely proportional to mupber
of U atoms preszent

1 proportional to number of neutrons/sec
slowing out of fast group

TTID2SE W VOVH
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Figure 1. - Reactor segment and corresponding simulator network for cne neutron group.
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Figure 2. - Comparison of power generation and corresponding
fissionable materiel distributions for reactor I, amalytical
solution. (Relative level of power curves based on a spec-
ified limiting heat-flux rate for reactor.)
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fissionable material distributions for reactor III, ana-
lytical solution. (Relative level of poWer curves based on
a specified limiting heat-flux rate for-reactor.)
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Figure 8. - Comparison of power generation and corresponding
fissionabhle material dlstributions for reactor assembly I,
simulator solutions. (Relative levels of power curves based
on a specified limiting power density for resctor.)
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Figure 9. - Comparison of power generation and corresponding
fisslionable material distributions for reactor assembly II,
similator solutiones. (Relative levels of power curves based
on a specified limiting power density for reactor.)
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Figure 13, - Comparison of flux distributions for reactor assembly III.
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